In this paper we demonstrate how to construct signals (time series) of continuous-time dynamical systems that exhibit a given symbolic dynamics. This is achieved without construction of the ordinary differential equations that generate the flow. This construction is of theoretical interest and is useful as a source of dynamical data that can be used to test various data analysis algorithms.
One of the potential uses that we see for the construction we present is as a method of generating time series from a class of dynamical systems with a great deal of variability, but without having to construct, or solve, ordinary differential equations for them. Such signals could be used to test various data analysis algorithms. In particular, when there is a topological conjugacy with a symbolic dynamic that is a full shift, then the full shift can be regarded as a stochastic information source, and hence the signal we construct can also be considered as coming from a stochastic source.
II. MAIN RESULT
In this section it is shown that a continuous-time dynamical system can be constructed that exhibits a topological conjugacy with a symbolic dynamic that is a full shift.
Define a discrete-time dynamical system to be a pair (M, ϕ), where M is a metric space and
Let (M, ϕ) and (N, ψ) be dynamical systems and θ : M → N be a homeomorphism, that is, θ is continuous, one-to-one, and onto, and its inverse is continuous. The homeomorphism θ is a called a topological conjugacy if ϕ = θ −1 ψθ.
A. Shift spaces
Let A be a finite alphabet and Σ a set of bi-infinite sequences on A, that is, for s ∈ Σ, s = . . . s −2 s −1 .s 0 s 1 s 2 . . . , where s n ∈ A. For δ > 1 define a metric on Σ by
where
The value of δ is not important since different values will give topologically equivalent metrics.
The metric space Σ is called a shift space if there is a map σ : Σ → Σ, such that if s = σ(s), then s n = s n+1 . The important requirement is Σ is closed under the action of σ.
The pair (Σ, σ) is a dynamical system under our definition, because σ is clearly continuous.
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B. Signal spaces
Let F ⊆ C k (R) be the subspace of k-times continuously differentiable scalar functions on R. On this space there are metrics
for β > 1. The value of β is not important since different values will give topologically equivalent metrics. The metric space F is called a signal space, if the map Φ τ : F → F, where Φ τ (f )(t) = f (t + τ ), is defined for all τ ∈ R. The important requirement is F is closed under the action of each Φ τ .
The pair (F, Φ τ ) defines a continuous-time dynamical system, where Φ τ is the evolution operator, but for fixed τ the pair (F, Φ τ ) is a discrete-time dynamical system under our definition, because Φ τ is clearly continuous. Observe that given any continuous-time dynamical system, typically ordinary differential equations, then any scalar measurement function on the state space provides a signal space. According to Takens embedding theorem [13] , when the system is finite dimensional, then generically there is a one-to-one correspondence between signals and states, in fact, the system and signal space are topologically conjugate as flows.
A flow itself is not topologically conjugate to a symbolic dynamic, rather it is some embedded map, such as a Poincaré map, or constant time-step map that is topologically conjugate to a symbolic dynamic. Our construction uses the constant time-step map, that is, considers (F, Φ τ )
as a discrete time dynamical system for a fixed τ . The value of τ will be taken to be 1 in all of the following, without loss of generality.
C. Conjugacy
It will now be shown that for any (Σ, σ) there can be constructed a dynamical system (F, Φ τ ) such that (F, Φ 1 ) is conjugate to (Σ, σ). To do this we must construct a suitable F and mapping h : Σ → F which is a homeomorphism between (Σ, σ) and (h(Σ), Φ 1 ).
Consider a collection of functions φ a (t) ∈ C k (R), for a ∈ A, that satisfy the following conditions.
Conditions:
Where β is the same as used for the metric (3).
The second condition requires that φ a (t) has exponentially decaying tails, while the third condition requires that φ a (t) has a sufficiently large peak in the interval |t| < 1/2.
Define
It is easy to check that h(σ(s)) = Φ 1 (h(s)), and so, such an F is a signal space.
To establish the conjugacy of (Σ, σ) and (h(Σ), Φ 1 ) it is required to show that h is a homeomorphism. Without loss of generality, it may be taken that δ = β in the metric (1).
Result 1 There exist K, J > 0 such that
Proof. First, we prove there exists
The following chain of inequalities holds:
where the first inequality holds because of the triangle inequality. By considering the cases of n ≥ 0 and n < 0 separately, it can be shown that
Hence, putting K = GC,
Therefore, it is sufficient to show that there exists J > 0 such that for all m
The following reduction uses the stated third condition in the final strict inequality.
Hence, there exists J > 0 such that
One may note that the inequality 5 provides a much sharper constraint than condition 3, but it is difficult to check. Thus we have established that F = {f (t + τ ) : f ∈ h(Σ), 0 ≤ τ < 1} is a signal space that exhibits a conjugacy with the symbolic dynamics (Σ, σ).
III. EXAMPLE
Similar to the original example of Hayes [4] , define
The function ψ is shown in Fig. 1 . Define on the alphabet A = {0, 1}, φ 0 (t) = −ψ(t) and φ 1 (t) = ψ(t). This definition meets the three conditions. The first condition is met obviously. The second condition is satisfied as
(An upper bound 14 × 2 −|t| is easy to show.) The third condition is satisfied because min a =b |t|< A time series of f (i/20), i ∈ Z, is shown in Fig. 2 . When the time series is embedded in a 2 dimensional space, using time delay embedding, we obtained Fig. 3 , which we observe has properties like an embedding of a signal from the Lorenz equations. 
IV. CONCLUSION
In this paper we have demonstrated how to construct signals from continuous-time dynamical systems that exhibit given symbolic dynamics. We have specified conditions that are sufficient for a conjugacy to exist.
The construction does not use ordinary differential equations, which may, or may not, be a disadvantage. On one hand it is difficult to determine, or even show, that a system of ordinary differential equations will exhibit a given symbolic dynamics, because it difficult to ensure hyperbolicity. It is therefore difficult to construct ordinary differential equations with exhibiting known symbolic dynamics. On the other hand, knowing that a signal exhibits a particular symbolic dynamics means it can be used to test various data analysis methods.
It should be noted, however, that the signals constructed by the method we have described have some properties that are not typical of the signals of most ordinary differential equations that produce chaotic signals. To be specific, the signals constructed by our method have an exact time shift property, that is, the Poincaré map of the flow that exhibits the conjugacy with the symbolic dynamics has identical return times for all states. Flows like that of the Lorenz equation do not have this property, because the return time is longer for trajectories that more closely approach
